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ABSTRACT

We test the hypothesis that metal-poor globular clusters form within disk galaxies at redshifts
z > 3. Numerical simulations demonstrate that giant gas clouds, which are cold and dense enough to
produce massive star clusters, assemble naturally in hierarchical models of galaxy formation at high
redshift. Do model clusters evolve into observed globular clusters or are they disrupted before present
as a result of the dynamical evolution? To address this question, we calculate the orbits of model
clusters in the time-variable gravitational potential of a Milky Way-sized galaxy, using the outputs
of a cosmological N -body simulation. We find that at present the orbits are isotropic in the inner 50
kpc of the Galaxy and preferentially radial at larger distances. All clusters located outside 10 kpc
from the center formed in satellite galaxies, some of which are now tidally disrupted and some of
which survive as dwarf galaxies. The spatial distribution of model clusters is spheroidal and the fit
to the density profile has a power-law slope γ ≈ 2.7, somewhat shallower than but consistent with
observations of metal-poor clusters in the Galaxy. The combination of two-body relaxation, tidal
shocks, and stellar evolution drives the evolution of the cluster mass function from an initial power
law to a peaked distribution, in agreement with observations. However, not all initial conditions and
not all evolution scenarios are consistent with the observed mass function of the Galactic globular
clusters. The successful models require the average cluster density, M/R3

h, to be constant initially
for clusters of all mass and to remain constant with time. Synchronous formation of all clusters at a
single epoch (z = 4) and continuous formation over a span of 1.6 Gyr (between z = 9 and z = 3) are
both consistent with the data. For both formation scenarios, we provide online catalogs of the main
physical properties of model clusters.
Subject headings: galaxies: formation — galaxies: kinematics and dynamics — galaxies: star clusters

— globular clusters: general

1. INTRODUCTION

Observations in the past decade with the Hubble Space
Telescope and major ground-based telescopes have revo-
lutionized the field of star cluster research. The classical
division into old, massive globular clusters and young,
diffuse open clusters has been challenged by the discov-
eries of young massive star clusters in nearby merging,
interacting, and even normal star forming galaxies (e.g.,
Holtzman et al. 1992; Whitmore et al. 1993; Whitmore &
Schweizer 1995; O’Connell et al. 1995; Zepf et al. 1999;
Larsen 2002). These young clusters have the range of
masses and sizes similar to Galactic globulars and are
believed to evolve eventually into globular clusters (e.g.,
Ho & Filippenko 1996; Mengel et al. 2002; de Grijs et al.
2004). However, the mass functions of old and young
clusters are very different. While the mass distribution of
globular clusters has a well-defined peak at ≈ 2×105 M�,
the mass function of young clusters is consistent with a
single power law between 104 and 107 M� (Zhang & Fall
1999; de Grijs et al. 2003; Anders et al. 2004). Did old
globular clusters form by a similar physical process to the
young clusters but gradually evolve into the observed dis-
tribution?

This question is vital to understanding early galaxy
formation and is still a matter of debate (Fall & Zhang
2001; Vesperini et al. 2003). Globular clusters contain
relic information about star formation processes in galax-
ies at high redshift and have been often used to con-
strain cosmological theory. Uncovering the formation of

primeval galaxies is a major driving force behind the de-
velopment of future major ground and space observato-
ries. In contrast to the formidable difficulties of detecting
the birthplaces of globular clusters at high redshift, local
and interacting galaxies (M33, M51, M82, the Antennae)
offer plenty of detail of the formation of young star clus-
ters in giant molecular clouds (Wilson et al. 2003; En-
gargiola et al. 2003; Keto et al. 2005). Using ultrahigh-
resolution cosmological simulation, Kravtsov & Gnedin
(2005) identified similar molecular clouds within their
simulated high-redshift galaxies and proposed that they
harbor massive star clusters. In this paper, we inves-
tigate whether the dynamically-evolved distribution of
these model clusters can be reconciled with the current
properties of globular clusters.

Kravtsov & Gnedin (2005) find that giant clouds as-
semble during gas-rich mergers of progenitor galaxies,
when the available gas forms a thin, cold, self-gravitating
disk. The disk develops strong spiral arms, which further
fragment into separate molecular clouds located along
the arms as beads on a string (see their Fig. 1). As a
result, massive clusters form in relatively massive galax-
ies, with the total mass Mhalo > 109 M�, beginning at
redshift z ≈ 10. The mass and density of the molecular
clouds increase with cosmic time, but the rate of galaxy
mergers declines steadily. Therefore, the cluster forma-
tion efficiency peaks at a certain extended epoch, around
z ≈ 4, when the Universe is only 1.5 Gyr old. The mass
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function of model clusters is consistent with a power law

dN/dM = N0 M−α, (1)

where α = 2.0 ± 0.1, similar to the observations of
nearby young star clusters. According to the prescrip-
tion for metal enrichment by supernovae in the Kravtsov
& Gnedin (2005) simulation, model clusters have iron
abundances [Fe/H ] ≤ −1 at z > 3. They correspond to
the metal-poor (dominant) sub-population of the Galac-
tic globular clusters, which we will use for the compari-
son.

We adopt this model to set up the initial positions, ve-
locities, and masses for our globular clusters. We then
calculate cluster orbits using the results of a separate
collisionless N -body simulation described in § 2. This
is necessary because the original gasdynamics simulation
was stopped at z ≈ 3, due to limited computational re-
sources. By using the N -body simulation of a similar
galactic system, but complete to z = 0, we are able to
follow the full dynamical evolution of globular clusters
until the present epoch. We use the evolving properties
of all progenitor halos, from the outputs with a time res-
olution of ∼ 108 yr, to derive the gravitational potential
in the whole computational volume at all epochs. We
convert a fraction of the dark matter mass into the an-
alytical flattened disks, in order to model the effect of
baryon cooling and star formation on the galactic poten-
tial. We calculate the orbits of globular clusters in this
potential from the time when their host galaxies accrete
onto the main (most massive) galaxy. Using these orbits,
we calculate the dynamical evolution of model clusters,
including the effects of stellar mass loss, two-body relax-
ation, tidal truncation, and tidal shocks. Since the effi-
ciency of each of these processes depends on both cluster
mass, M , and half-mass radius, Rh, we consider several
evolutionary dependencies Rh(M). We also consider two
possible formation scenarios, one with all clusters form-
ing in a short interval of time around redshift z = 4, and
the other with a continuous formation of clusters between
z = 9 and z = 3.

Note that we study only the collisionless evolution of
star clusters, using the analytical formalism developed
in previous studies and described in § 3. We do not
include the recently suggested “infant mortality” effect,
which may dissolve a large number of unbound clusters
within ∼ 100 Myr of their formation independent of clus-
ter mass (e.g., Fall et al. 2005; Mengel et al. 2005). Such
universal reduction in numbers is therefore absorbed in
our normalization of the initial GCMF. The models cal-
culated in this paper apply only to the initially bound
clusters.

2. ORBITS OF GLOBULAR CLUSTERS IN A
HIERARCHICALLY-FORMING GALAXY

2.1. Cosmological Simulation

We set the initial conditions and calculate the orbits
of model clusters using a cosmological N -body simula-
tion performed with the Adaptive Refinement Tree code
(ART, Kravtsov et al. 1997; Kravtsov 1999). This simu-
lation follows the hierarchical formation of a Milky Way-
sized halo in a comoving box of 25h−1 Mpc in the concor-
dance ΛCDM cosmology: Ωm = 0.3, ΩΛ = 0.7, σ8 = 0.9,
H0 = 70 km s−1 Mpc−1. The simulation begins with a

uniform 2563 grid covering the entire computational vol-
ume. High mass resolution is achieved around collapsing
structures by recursive refinement of this regions using
an adaptive refinement algorithm. The grid cells are re-
fined if the particle mass contained within them exceeds
a certain threshold value. Thus, this adaptive grid fol-
lows the collapsing galaxy in a quasi-lagrangian fashion.
With maximum 10 levels of refinement, the peak formal
spatial resolution is 0.15 comoving kpc. This simulation
is described in more detail in Kravtsov et al. (2004).

Halos and subhalos are identified using a variant of the
Bound Density Maxima algorithm (Klypin et al. 1999).
The halo finder algorithm produces halo catalogs, which
contain positions, velocities, and main properties of the
dark matter halos between z = 9 and z = 0 at 96 output
times, with a typical separation between outputs ≈ 108

yr. The main properties of the halos in the catalogs
are: the virial radius (rvir), truncation radius (rt), halo
radius (rhalo = min[rt, rvir]), halo mass (Mhalo), maxi-
mum circular velocity (Vmax) and the corresponding ra-
dius at which the maximum velocity is reached (rmax).
The virial radius (and corresponding virial mass) is de-
fined as the radius within which the density is 180 times
the mean density of the Universe. The truncation ra-
dius is the radius at which the logarithmic slope of the
density profile becomes larger than -0.5, since we do not
expect the density profile of the halos to be flatter than
this slope. If the center of a halo does not lie within the
boundary of a larger system, its radius rhalo is defined
equal to the virial radius. On the other hand, if the halo
is within another halo (and is therefore a subhalo), its
radius is the truncation radius. The halo mass follows
the same definition: Mhalo = min[M(rt), M(rvir)].

In this paper, we consider the evolution of an iso-
lated halo G1, which we call the main halo. This halo
contains over 106 particles within its virial radius at
z = 0. The virial mass at z = 0 in our definition is
Mvir = 2.37 × 1012 M�, the virial radius rvir = 426 kpc
and the halo concentration c = 13. For the commonly
used overdensity of 340, the virial mass and radius are
M340 = 2.07× 1012 M� and r340 = 330 kpc, respectively.
The main halo has experienced the last major merger
at z ≈ 2 and therefore could subsequently host a large
spiral galaxy.

The main advantage of the catalogs of Kravtsov et al.
(2004) is that they trace the progenitors of halos at pre-
vious epochs and therefore allow us to reconstruct the
full dynamical evolution of the model galaxies. This in-
formation is necessary to follow the evolution of globular
clusters within their host galaxies, before being accreted
onto the main halo.

2.2. Galactic Potential

We construct realistic time-dependent galactic poten-
tials using the halo catalogs and supplementing each
massive dark matter halo with a baryonic disk. The dis-
tribution of dark matter in a cosmological simulation can
be approximately described as a combination of isolated
halos and satellites within them, and therefore the grav-
itational potential can be approximated by a sum of the
potentials of the main halo and all subhalos (Kravtsov
et al. 2004). For each galaxy (isolated and satellite) we
assign a fraction of the mass, Mdisk = fd Mhalo, to the
baryonic disk and the remaining mass, (1− fd)Mhalo, to
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the dark halo. In this crude approximation, the fraction
fd accounts for the potential of stars and cold gas in the
galaxy and absorbs all the complex details of star for-
mation. We do not explicitly consider the galactic bulge
because most cluster orbits do not come too close to the
bulge, and its potential can be described by the inner
part of the disk. The bulge mass is therefore absorbed in
our definition of the disk mass. The total potential, as
a function of space and time, is the sum of the halo and
disk contributions of all the galaxies:

Φ(r, t) =
∑

i

Φi
halo(r − ri) + Φi

disk(r − ri), (2)

where ri is the position of the center of mass of halo i at
time t.

We assume that the dark matter potential of each
galaxy is given by a spherical NFW (Navarro et al. 1997)
profile:

Φhalo(r) = −GMhalo(1 − fd)

r

ln (1 + r/rs)

ln (1 + c) − c/(1 + c)
(3)

where c = rhalo/rs is the halo concentration, and rs is
the scale radius approximated as rs ≈ rmax/2.16. We
use this latter relation because the profiles of some of the
smaller subhalos are not well resolved in the simulation
and the radius rmax is better constrained than rs. The
axisymmetric disk potential is modeled with a Miyamoto
& Nagai (1975) profile, in cylindrical coordinates (R, Z):

Φdisk(R, Z) = − GMdisk
√

R2 + (ad +
√

Z2 + b2
d)

2

(4)

where Mdisk(t), ad(t) and bd(t) are the mass, radial scale
length, and vertical scale height of the disk, respectively,
which vary with time.

The masses and sizes of the halos are linearly inter-
polated between the output epochs in the halo catalog.
For the parameters of the disk, we apply the following
simple model. The disk mass increases linearly in time
from the initial epoch z = 9 to the redshift of accretion
zacc. This is defined as the epoch when the halo is ac-
creted onto the main halo, i.e., when its center of mass
is within the virial radius of the main halo. We stop
the growth of the disk when it is accreted and keep its
mass fixed at later times, regardless of the evolution of
its host halo. For the main halo and other isolated ha-
los, zacc = 0 by definition. Thus the initial disk mass is
fd Mhalo(z = 9) and the final mass is fd Mhalo(z = zacc).
We set fd = 0.05, consistent with the value inferred for
the Milky Way (Klypin et al. 2002).

We use a similar recipe to obtain the scale length ad(t)
as a function of time, by requiring ad = 0.02 rhalo. It
is interesting to note that ad for the Miyamoto & Nagai
(1975) disk is equal within 3% to the exponential scale
length, rd, defined as the radius at which the surface
density decreases by a factor Σ(0)/Σ(rd) ≡ e. The ratio
of the vertical scale height to the radial scale length is
set constant at all times, bd/ad = 0.2, consistent with
observed galaxy disks (e.g., Binney & Tremaine 1987).
In our model, the disk of the main galaxy has the mass
Mdisk = 1.2 × 1011 M� and scale length ad = 8.5 kpc at
z = 0. Both of these parameters are probably a factor of
2 larger than in the Milky Way, as is the total halo mass.

We use proper (not comoving) coordinates and a ref-
erence frame where the main halo is at the origin of the
coordinate system at all times. With the potential given
by equation (2), the acceleration of a test particle at (r,t)
is calculated analytically:

a = −∇rΦ + ΩΛ H2
0 r. (5)

The second term in this equation is a constant accelera-
tion per unit length due to the dark energy, parametrized
by the cosmological constant (Lahav et al. 1991). It af-
fects only clusters outside 200 kpc from the center. We
use cubic spline interpolation between the outputs of the
halo catalogs to obtain the positions of halos at interme-
diate times. The third order spline assures that the halo
velocities are smooth functions and the accelerations are
continuously defined at each catalog output. However,
this non-linear interpolation of subhalo motions creates
an additional acceleration of the globular clusters within
them, which needs to be included in equation (5).

2.3. Initial Conditions for Globular Clusters

In the model of Kravtsov & Gnedin (2005), globular
clusters form in dense cores of giant molecular clouds
within the disks of high-redshift galaxies. We adopt this
model to set the initial masses, positions, and velocities
of the clusters in each massive halo, Mhalo > 109 M�. We
use the initial globular cluster mass function (GCMF)
given by equation (1), with the slope α = 2 and the nor-
malization such that the total mass in globular clusters
in that halo, MGC , scales with the host halo mass as
found in the simulation of Kravtsov & Gnedin (2005):

MGC = 3.2 × 106 M�

(

Mhalo

1011 M�

)1.13

× f. (6)

The additional scaling factor, f ≥ 1, is needed for those
models where we assume that all clusters form at a single
epoch rather than over an extended period. We choose
this normalization factor such that the number of sur-
viving clusters at z = 0 is approximately equal to the
number of observed metal poor clusters in the Galaxy.
For the best model Sb-ii (see below) we have f = 12;
the continuous formation model Cb-ii does not require
a change in the normalization: f = 1. We adopt the
lower limit for the initial GCMF as Mmin = 105 M� and
the upper limit, Mmax, given by the fit of Kravtsov &
Gnedin (2005) scaled by the same factor f . The choice
of the lower mass limit is motivated by our disruption
calculations, which show that no cluster of lower mass
is expected to survive the dynamical evolution over 10
Gyr (see § 4). The actual number of clusters in each
host galaxy is given by the discretization of the mass
function.

After being accreted into the main halo, some host
halos are tidally disrupted. There are a total of 77 halos
that host globular clusters within the virial radius of the
main galaxy, of which 37 are disrupted and 40 survive
until z = 0. 80% of all host halos are accreted in the
redshift range zacc ≈ 0.2 − 1.9. The surviving halos are
accreted systematically later than the disrupted halos.
The median redshift of accretion for all halos is 1.2, while
for the surviving subhalos it is 0.64.

We assume that the spatial number density of globular
clusters follows the distribution of baryon mass in their
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host galaxy disk: dN(R) ∝ Σd(R) R dR, where Σd(R) is
the disk surface density. We use this equation to obtain
the initial radial positions of the clusters, R. We assign
their azimuthal angles and vertical positions randomly
from the uniform distributions in the intervals [0, 2π] and
[−bd, +bd], respectively. There is no correlation between
the initial cluster masses and positions. The clusters are
set on circular orbits parallel to the plane of the disk,
with the initial velocities equal Vc =

√

GM(R)/R, where
M(R) is the total halo plus disk mass within radius R.
The initial velocities of both halos and globular clusters
include also the Hubble expansion velocity.

We consider two sets of cluster formation models:

1. Single epoch of formation (S). The clusters form
at zf = 4 in galaxies with Mhalo > 109 M�. The
masses and positions of clusters are generated using
the masses and sizes of the halos at zf , but the
velocities are obtained using the halo properties at
the epoch of accretion. In the case of the main
halo, orbit integration starts at z = 4.

2. Continuous formation (C). Clusters form continu-
ously in the redshift range 9 ≥ zf ≥ 3, at each of
the original gasdynamics simulation outputs. The
average time interval between the simulation out-
puts is 7×107 yr. The span of cosmic time between
z = 9 and z = 3 is approximately 1.6 Gyr, which is
consistent the observed spread of ages of the metal-
poor clusters in the Galaxy. As in model (S), the
masses and positions of clusters are obtained us-
ing the halo properties at zf but the velocities are
calculated only at zacc.

For each of these formation models, we consider several
variations of the initial relation between the cluster half-
mass radius and its mass and of the evolution of this
relation with time. For the initial Rh−M relation at the
time of formation, we consider two models:

a Rh(0) = constant. We use the median value for
the Galactic globular clusters, calculated using the
online catalog of Harris (1996): Rh = 2.4 pc.

b Rh(0) ∝ M(0)1/3. We use the constant average
half-mass density, ρh(0) = 4 × 103 M� pc−3, from
the model of Kravtsov & Gnedin (2005) and set
Rh = (3M/4πρh)1/3. The half-mass density does
not depend on the position of the cluster in its host
galaxy, and therefore, by construction does not re-
flect the local tidal field. We make this assumption
for consistency with the formation model that we
are testing.

For the time dependence of the Rh − M relation, we
consider three variations:

i Rh(t) = constant,

ii Rh(t) ∝ M(t)1/3, i.e. ρh(t) = constant,

iii Rh(t) ∝ M(t).

We construct 12 different model realizations by com-
bining the single or continuous formation of clusters (S,
C) with the initial (a, b) and evolutionary (i, ii, iii) size-
mass relations. In our notation, Sa-i is the model with a

single redshift of formation and constant half-mass radius
throughout the evolution; Cb-i has continuous formation
in the redshift range 9 ≥ z ≥ 3, initially constant half-
mass density, and constant half-mass radius thereafter,
etc. These models are summarized in Table 1.

For clusters that originate in galaxies that will have be-
come satellites of the main halo, we integrate the orbits
beginning from the epoch of accretion, zacc, rather than
the epoch of formation, zf . The motivation for doing so
is to avoid unnecessary computation of the orbits of clus-
ters inside their host galaxies at zf > z > zacc. Before
the host galaxies are accreted into the main halo, we ex-
pect their globular clusters to remain on gravitationally-
bound equilibrium orbits. For small hosts, the time step
required to follow these orbits is small, which leads to two
problems. One is the large number of computations, the
other is gradual accumulation of integration errors. The
situation changes when the host galaxy becomes a satel-
lite – globular clusters may experience significant tidal
perturbations from the main halo and may even escape
their original host. Therefore, we assume that the clus-
ters remain bound to their hosts at z > zacc and calculate
their orbits only from z = zacc until the present. We keep
the cluster positions R and Z assigned at zf (equivalent
to assuming initially circular orbits) but recalculate the
initial cluster velocities using the host mass at zacc.

For clusters in all models, we calculate the mass loss
via two-body relaxation and stellar evolution beginning
at their assumed epoch of formation, zf . We include
tidal shocks only when we begin orbit integration at zacc,
because the mass loss rate due to tidal shocks is very
sensitive to the cluster orbits, as described in § 3.

2.4. Orbits of Host Halos and Globular Clusters

The orbits of clusters in a time-dependent potential
presented in § 2.2 are integrated using a second-order
leapfrog scheme with a fixed time step. We have chosen
this symplectic integration scheme because it conserves
energy to a precision of ∼ 10−10 in a static spherical
potential. A typical time step is 104 yr, which requires
∼ 103 integration steps per cluster orbit within a satellite
host and ∼ 104−5 steps per orbit within the main halo.

Using only the outputs of an N -body simulation, we
cannot reproduce exactly the orbits that test objects
would have had in that simulation. First, finite integra-
tion errors accumulate along the orbits and diverge ex-
ponentially in time, such that two objects initially close
to each other may have quite different final positions.
Second, we calculate the gravitational potential by ap-
proximating the complex distribution of dark matter as
a sum of spherical halos. This approximation is not en-
tirely unreasonable and reproduces the tidal field fairly
accurately (see Kravtsov et al. 2004), but of course it is
not exact. We would like to test the orbit integration
scheme on objects for which we know their final posi-
tions in the simulation. One class of such objects are the
satellite halos that host globular clusters.

We calculate the orbits of the host halos from zacc to
the present and compare their predicted final radial dis-
tribution with the actual distribution in the N -body halo
catalogs. In addition to the gravitational potential given
by equation (2), we include the effect of dynamical fric-
tion, a drag force exerted by the main halo on the or-
biting satellites, using Chandrasekhar’s formula (Chan-
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Fig. 1.— Three types of globular clusters orbits. Left panels show the proper (not comoving) distance to the center of the main halo
as a function of cosmic time, right panels show orbits in the plane of the main disk. Top: cluster formed in the main halo, on an initially
circular orbit but was later scattered by accreted satellites. Middle: cluster formed in a satellite halo, which survived as a distinct galaxy
(halo is shown by a dashed line). Bottom: cluster formed in a satellite that was tidally disrupted at t ' 4 Gyr.

drasekhar 1943):

adf = −4πG2Mhalo ρ ln Λ
v

v3

[

erf(X) − 2X√
π

e−X2

]

, (7)

where Mhalo is the mass of the satellite halo, ρ(r) is the
local density of the main halo, v is the velocity of the
satellite relative to the main halo, and X ≡ v/[2σ(r)],
where σ(r) is the one-dimensional velocity dispersion of
particles in the main halo, which was calculated assum-
ing an isotropic dispersion tensor using the approximate
formula of Zentner & Bullock (2003). Assuming a con-
stant value for the Coulomb logarithm, we find that with
ln Λ = 5 the calculated radial distribution of satellite
halos is similar to that in the halo catalogs. We some-
what overpredict the number of halos at r < 50 kpc and
underpredict this number at larger distances, with the
maximum deviation of ∼ 50% at 150 kpc. At even larger
distances the discrepancy decreases and we match the
number of halos from the catalogs again at 250 kpc. We
find that dynamical friction noticeably affects the orbits
of satellite halos, in an apparent disagreement with the

conclusion of Peñarrubia & Benson (2005). The KS test
probability that our calculated halo positions are drawn
from the same distribution as the N -body positions is
23% with dynamical friction but only 2% without it.

Even though we do not reproduce the positions of the
subhalos exactly, we find that the calculated orbits are
statistically consistent with those in the simulation in
the region of interest (r < 200 kpc). This test therefore
suggests that the motions of objects in a hierarchically-
forming galaxy can be reasonably accurately calculated
by approximating the total gravitational potential as the
sum of spherical halos. We now apply this method to
calculate the orbits of globular clusters.

Within the disks of progenitor galaxies, all clusters in
our model begin on nearly circular orbits. Present glob-
ular clusters in the Galaxy could either have formed in
the main disk, have come from the now-disrupted pro-
genitor galaxies, or have remained attached to a satellite
galaxy. Figure 1 shows the three corresponding types of
cluster orbits. Even the clusters formed within the inner
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10 kpc of the main Galactic disk do not stay on circular
orbits. They are scattered to eccentric orbits by accreted
satellites, while the growth of the disk increases the av-
erage orbital radius. Triaxiality of the dark halo (not
included in present calculations) would also scatter the
cluster orbits. The clusters left over from the disrupted
progenitor galaxies typically lie at larger distances, be-
tween 20 and 60 kpc, and belong to the inner halo class.
Their orbits are inclined with respect to the Galactic
disk and are fairly isotropic. The clusters still associ-
ated with the surviving satellite galaxies are located in
the outer halo, beyond 100 kpc from the Galactic center.
Note that these clusters may still be scattered away from
their hosts during close encounters with other satellites
and consequently appear isolated.

2.5. Spatial distribution

Hierarchical mergers of progenitor galaxies ensure that
the present spatial distribution of the globular cluster
system is roughly spheroidal. Figure 2 shows the po-
sitions of the surviving globular clusters in the Galac-
tic frame, for the best-fit model Sb-ii described in § 4.
Most clusters are now within 50 kpc from the center,
but some are located as far as 200 kpc. The median
distance is 90 kpc, which is significantly larger than the
median distance of the metal-poor Galactic clusters (7
kpc). Our simulated galaxy is perhaps twice as extended
as the Milky Way, but this alone is not enough to ex-
plain the discrepancy. It could be that some metal-poor
clusters have formed later within the main disk, which is
not included in our current model.

Figure 3 shows that the azimuthally-averaged space
density of globular clusters is consistent with a power
law, n(r) ∝ r−γ . The best models have logarithmic
slopes γ = 2.65 (Sb-ii) and γ = 2.72 (Cb-ii). The slopes
for all other models are given in Table 1. Since all of
the distant clusters originate in progenitor galaxies and
share similar orbits with their hosts (disrupted and sur-
vived), the distribution of the clusters is similar to the
overall distribution of dark matter given by the NFW
profile. The cluster profile is steeper than that of the
surviving satellite halos (γ ≈ 2.2), because the surviving
satellites are preferentially found in the outer regions of
the main halo. A higher fraction of the inner satellites
is disrupted, but the globular clusters that they hosted
are dense enough to survive the tidal field of the inner
galaxy.

The density profile of model clusters is also similar to
the observed distribution of the metal-poor ([Fe/H] <
−0.8) globular clusters in the Galaxy, calculated using
the online catalog of Harris (1996): γ = 3.15 ± 0.09.
Such comparison is appropriate, for our model of clus-
ter formation at high redshift currently includes only
low metallicity clusters ([Fe/H] ≤ −1). Thus the for-
mation of globular clusters in progenitor galaxies with
subsequent merging is consistent with the observed spa-
tial distribution of the Galactic metal-poor globulars.

We have also tested the effect of dynamical friction
on the spatial distribution of clusters in our best mod-
els. We included this effect on the orbits only within
the main halo, but not in the original host galaxies. We
again use Chandrasekahr’s approximation for the drag
force (eq. [7]), with the appropriate coulomb logarithm,
ln Λcl = 12, and replace the mass of the subhalos by the

initial mass of the clusters. By using the initial cluster
mass, not reduced by subsequent dynamical evolution,
we consider the maximum effect that dynamical friction
can have on cluster orbits. Unlike the case of the halo
orbits, we find that dynamical friction does not notice-
ably change the cluster distribution. The density profile
can again be fit by a power law with the slope that dif-
fers from the case without dynamical friction by only
∆γ = 0.02. This difference is well within the errors of
the power-law fit procedure and is therefore not signif-
icant. We note that the distributions of subhalos with
and without dynamical friction are also consistent within
the errors, with ∆γ = 0.06.

Several studies in the literature looked at the pro-
jected spatial distribution of globular clusters in nearby,
mainly early-type galaxies. Kissler-Patig (1997) find that
the surface density profiles of globular cluster systems
in 15 elliptical galaxies are consistent with a power law
σ(R) ∝ R−Γ, where 1.0 < Γ < 2.2. More recent studies
find similar results for elliptical galaxies: Γ = 1.2 − 1.9
(Rhode & Zepf 2004), Γ = 0.8 − 2.6 (Puzia et al. 2004),
Γ ≈ 2.0 (Harris et al. 2004), Γ ≈ 1.4 (Dirsch et al. 2005),
Γ = 1.2−1.6 (Forbes et al. 2006), and for a spiral galaxy
NGC 7814, which has Γ ≈ 1.0 (Rhode & Zepf 2003).
More luminous galaxies have shallower globular cluster
profiles, in agreement with an earlier study by Harris
(1986). In the inner regions, many GC system profiles
have constant-density cores. In addition, in all studied
cases the metal-poor globular cluster population is more
spatially extended (has lower Γ) than the metal-rich pop-
ulation.

To make a prediction for the surface density profile of
our model clusters, we project the cluster positions along
random lines-of-sight and fit a power-law to the resulting
distribution. After averaging over 6000 random projec-
tions, we find for the two best models: Γ = 1.76 ± 0.11
(Sb-ii) and Γ = 1.81 ± 0.12 (Cb-ii). These power-
law slopes are consistent with the above-mentioned wide
range of slopes of the globular clusters systems in ellip-
tical and some spiral galaxies. These slopes Γ are also
consistent with the expectation for a spherical distribu-
tion of model clusters, where Γ = γ − 1 and γ = 2.7.

Forte et al. (2005) emphasize the similarity of the spa-
tial distribution of blue globular clusters in giant ellip-
tical NGC 1399 with that inferred for dark matter, and
Cote et al. (1998) made a similar case for M87. As Fig-
ure 3 shows, the density profile of our model clusters is
is similar to that of diffuse dark matter, which is some-
what steeper than the density profile of the surviving
substructure (e.g., Nagai & Kravtsov 2005; Macciò et al.
2006; Weinberg et al. 2006). A similar connection has
been made by Moore et al. (2006), who identified globu-
lar cluster hosts with high-density peaks in the dark mat-
ter distribution. In our model, the orbits of blue clusters
are determined almost solely by the mass assembly of
the host galaxy and are therefore only weakly dependent
on the final morphological type of the galaxy. Therefore,
the similar distribution of metal-poor clusters and dark
matter is expected to hold for both spiral and elliptical
galaxies. This is a robust prediction of our model and
is a direct consequence of globular cluster formation in
progenitor galaxies at high redshift.

In the continuous formation scenario, clusters that
form early are more centrally located than those that
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Fig. 2.— Spatial distribution of surviving clusters in the Galactic frame for model Sb-ii. Dotted circles are at projected distances of 20,
50 and 150 kpc.

Fig. 3.— Number density profiles of surviving globular clusters (filled circles) in models Sb-ii (left) and Cb-ii (right) can be fit by the
same power law, n(r) ∝ r−2.7. Vertical error bars are from Poisson statistics alone. The distribution of model clusters is somewhat steeper
than that of surviving satellite halos (open circles), but it is similar to the distribution of smooth dark matter (dotted line, arbitrary
normalization). It is also consistent with the observed distribution of metal-poor globular clusters in the Galaxy (solid line), plotted using
the data from the catalog of Harris (1996).

formed late. We split the clusters in model Cb-ii in three
equal-size age bins and find that the earliest 1/3 of the
clusters have a median distance of 40 kpc, while the latest
1/3 have a median distance of 77 kpc. This result is also
a generic prediction of biased galaxy formation, where
high density peaks that collapse early have steeper and
more concentrated density profile than the more common
peaks that collapse late (e.g., Moore et al. 2006). The
oldest metal-poor clusters should therefore be found on
the average closer to the center of the galaxy than the
somewhat younger (. 2 Gyr) metal-poor clusters. Note
that this does not apply to the metal-rich clusters, which
probably formed later in the main disk of the galaxy.

2.6. Kinematics

From the positions and velocities of model clusters we
can study their kinematics at z = 0. We define orbital
eccentricity using the pericenter Rp and apocenter Ra,

the radial distances from the center of the main halo at
the closest and farthest points in the orbit, respectively:

e =
Ra − Rp

Ra + Rp
. (8)

A typical cluster completes several revolutions around
the center of the main halo, with different Rp and Ra

each time because of the time-dependent nature of the
potential. We define the mean eccentricity, 〈e〉, by taking
the average over all orbital extrema between zacc and
z = 0.

Figure 4 shows the distribution of the average orbital
eccentricities and pericenter distances of surviving clus-
ters in the two best models. Most orbits have moder-
ate mean eccentricity, 0.4 < 〈e〉 < 0.7, expected for an
isotropic distribution. The pericenters have a wide distri-
bution, typically between 5 and 40 kpc from the galactic
center. The eccentricities for our different models av-
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Fig. 4.— Mean eccentricity (left) and mean pericenter (right) distributions of the surviving globular clusters in models Sb-ii (top) and
Cb-ii (bottom).

eraged over all clusters are given in Table 1. They are
consistent among different models and lie in the narrow
range between 0.52 and 0.58.

The anisotropy parameter is another important mea-
sure of the overall kinematic properties:

β(r) = 1 − 〈v2
t 〉

2〈v2
r〉

, (9)

where 〈v2
r 〉 is the mean square radial velocity of clus-

ters in a radial bin, and 〈v2
t 〉 is the mean square tangen-

tial velocity. By construction, β = 0 corresponds to an
isotropic distribution, β > 0 is radially anisotropic, and
β < 0 is tangentially anisotropic.

Figure 5 shows the velocity anisotropy of the model
globular cluster system as a function of radius in the
main halo at z = 0, for the two best models Sb-ii and Cb-
ii. In the inner 50 kpc from the Galactic center, β(r) ≈
0, consistent with an isotropic distribution. At larger
distances cluster orbits tend to be more radial, reaching a
maximum value βmax ≈ 1/2, as is typical of dark matter
satellites in N -body simulations (e.g., Coĺın et al. 2000).
There, in the outer halo, host galaxies have had only a
few passages through the Galaxy or even fall in for the
first time. The anisotropy of cluster orbits in our model
derives directly from the orbits of the satellite galaxies.

The velocity distribution of the model cluster system
has a moderate rotational component in the inner 50 kpc,
Vrot ≈ 56 km s−1. The distribution at larger radii is con-
sistent with no significant rotation. The plane of rotation

coincides with the plane of the main disk. Since we do
not specify the sense of rotation of the Galaxy when we
construct a model for the gravitational potential, we can-
not determine whether the cluster motion is prograde or
retrograde with the respect to the disk.

The alignment of the rotation plane of the inner “disk”
Galactic clusters with the plane of the Galactic disk has
always been expected (Frenk & White 1980; Thomas
1989) but could never be confirmed without accurate
measurements of the cluster proper motions. Our mod-
els provide the first indication that Galactic clusters may
indeed rotate along with the disk stars. The estimated
rotation velocity of the metal-poor clusters is 30±25 km
s−1 (Harris 2001), which is in reasonable agreement with
Vrot = 56± 25 km s−1 for the model clusters.

Figure 6 shows the rotation velocity and the velocity
dispersion profile in the model Sb-ii. We calculate the
line-of-sight dispersion, σlos, by projecting the 3D veloc-
ities along 10000 random lines of sight and averaging the
projected dispersion in six equal-size radial bins. Since
the rotation velocity component is small, subtracting it
has a negligible effect on the velocity dispersion, and
therefore we do not include rotation when calculating the
velocity dispersion. The projected dispersions, between
80 and 120 km s−1, are almost identical to the spherical
1D velocity dispersions, calculated as σ1D = σ3D/

√
3.

This is yet another verification that the model clusters
have an approximately spherical and isotropic distribu-
tion.
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Fig. 5.— Anisotropy parameter β as a function of radius for models Sb-ii (left) and Cb-ii (right). The vertical error bars represent the
error in the mean for each radial bin, while horizontal bars show the range of the bin. Horizontal dashed lines illustrate an isotropic (β = 0)
and a purely radial (β = 1) orbital distributions.

Fig. 6.— Velocity dispersion profile of the surviving clusters in
model Sb-ii. We show the 1D (filled squares) and the projected line-
of-sight (filled circles) velocity dispersions, as well as the rotational
velocity of the cluster system (filled triangles) in equal-size radial
bins. Error bars are obtained using bootstrap resampling. Lines
show the predicted velocity dispersion in the analytical potential
of the main dark matter halo, calculated using the spherical Jeans
equation for a tracer population with the same radial distribution
as model globular clusters, for isotropic orbits (β = 0, solid line)
and radially anisotropic orbits (β = 0.5, dashed line). Open circles
show the line-of-sight velocity dispersion profile of Galactic metal-
poor clusters.

Model clusters are also fair traces of the gravitational
potential of the dark matter halo. Figure 6 shows two
projected velocity dispersions for a tracer population
with the radial density profile of the model clusters, cal-
culated from the Jeans equation using a publicly avail-

able code Contra1 (Gnedin et al. 2004). The solid line
is calculated assuming an isotropic velocity distribution,
while the dashed line is calculated assuming a constant
anisotropy parameter β = 0.5. If the model clusters were
in equilibrium with the spherical halo potential, in the
absence of rotation and of flattening of the disk potential,
we would expect the isotropic distribution to reproduce
the model σlos at small radii and the anisotropic distri-
bution to reproduce it at large radii (see Figure 5). Both
predicted curves agree with the model σlos within the er-
rors, but the anisotropic distribution appears to provide
a better fit at all radii. Figure 6 also shows that the pro-
jected velocity dispersion of model clusters agrees with
that of metal-poor clusters in the Galaxy, calculated us-
ing the Harris (1996) catalog.

3. DESTRUCTION OF GLOBULAR CLUSTERS

The mass of a star cluster decreases with time as a
result of several dynamical processes of internal and ex-
ternal origin (Spitzer 1987). We consider the physical
processes that have a major effect on the cluster evolu-
tion and have been well studied in the literature: stellar
evolution, two-body relaxation, and tidal shocks. As we
note in § 2.5 above, dynamical friction does not have a
noticeable impact on cluster orbits and therefore on their
dynamical evolution.

The differential equation that describes the cluster
mass as a function of time, M(t), assuming that these
effects are independent of each other (a good first-order
approximation), has the following form:

dM

dt
= −(νse + νev + νsh) M, (10)

where νse, νev, and νsh are the time-dependent fractional
mass loss rates due to stellar evolution, two-body relax-
ation, and tidal shocks, respectively (e.g., Fall & Zhang

1 Contra is available for download at
http://www.astronomy.ohio-state.edu/∼ognedin/contra/ .
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Fig. 7.— Fractional mass loss from a globular cluster due to
stellar evolution accumulated over time t, for three different IMFs:
Salpeter (dotted line), Scalo (dashed line), and Kroupa (solid line;
adopted in this work).

2001). In the following subsections we describe each term
of eq. (10) in detail.

3.1. Stellar Evolution

We use a simple model to include the effect of mass loss
due to stellar evolution, following Chernoff & Weinberg
(1990). All stars in the cluster are assumed to form at the
same time. As stars of different mass evolve away from
the main sequence (MS), they lose mass through stellar
winds and supernovae explosions. We assume that the
lost stellar material is not gravitationally bound to the
cluster and escapes immediately.

We adopt the stellar initial mass function (IMF) of
Kroupa (2001) between 0.1 M� and 100 M�:

dN

dm
∝
{

m−1.3, m < 0.5 M�

m−2.3, m ≥ 0.5 M�.
(11)

The mass loss in a given range of stellar masses (m1, m2)
is:

∆M(m1, m2) =

∫ m2

m1

dN

dm
(m − mf ) dm, (12)

where mf is the remnant mass of a star with the ini-
tial mass m. We adopt the relation between the initial
mass and remnant mass given by Chernoff & Weinberg
(1990). We use a stellar evolution estimate of the MS
lifetime for a star of given initial mass (Chernoff & Wein-
berg 1990; Hurley et al. 2000) and convert the mass loss
in a range of masses to the mass loss in a range of times,
∆M(m1, m2) = ∆M(t1, t2). Then we calculate the frac-
tional mass loss rate of a cluster as a function of time,
νse(t), with sampling ∆t = 107 yr. We have tabulated
and spline-interpolated these values for use in the dy-
namical calculations.

Figure 7 shows the fractional mass loss due to stel-

lar evolution accumulated over time,
∫ t

0 νse(t)dt, for a
Kroupa (2001) IMF and also for a Salpeter (1955) and a

Scalo (1986) IMFs, which are often used in galaxy mod-
eling. For our adopted Kroupa (2001) IMF, a cluster
loses ≈ 30% of its mass in the first 3 × 108 yr because
of the evolution of massive stars (m > 2 M�) and an ad-
ditional ≈ 10% in the next 10 Gyr due to the low mass
stars leaving the MS.

Since the mass loss due to stellar evolution reduces the
masses of all clusters by the same fraction, this process
does not affect the shape of the GCMF and only shifts
it towards lower masses.

3.2. Two-body Relaxation

Internal two-body relaxation, a cumulative long-term
effect of gravitational interactions between stars that
leads them to a Maxwellian distribution of velocities,
causes some stars to gain enough energy to escape from
the cluster. The fractional mass loss due to two-body re-
laxation can be approximated by the following expression
(Spitzer 1987):

νev =
ξe

trh
=

7.25ξe m̄G1/2 ln Λcl

M1/2R
3/2
h

(13)

where ξe is the fraction of stars that escape per half-
mass relaxation time, trh, m̄ is the mean stellar mass,
and ln Λcl is the usual Coulomb logarithm.

As a good approximation, we adopt constant values for
various quantities in equation (13): ξe = 0.033, the mean
value obtained from N -body and Fokker-Planck models
of cluster evolution (Gnedin et al. 1999b), which is lower
than the canonical ξe = 0.045 obtained by Hénon (1961);
m̄ ≈ 0.87 M� for a Kroupa IMF (eq. [11]); ln Λcl = 12, a
typical value for globular clusters, although it is expected
to vary somewhat with time as the clusters lose mass.
With these approximations, the time dependence of νev is
in the mass and half-mass radius of the cluster: νev(t) ∝
M(t)−1/2Rh(t)−3/2. Since we assume that Rh(t) depends
only on M(t) but does not depend explicitly on cluster’s
position in the galaxy, the rate of two-body relaxation
is also independent of the location. This has important
consequences for the lack of significant radial gradient of
the cluster mass function.

3.3. Tidal Shocks

Each time a cluster passes through the disk of its host
galaxy or near its nucleus, it experiences a rapid change
of the external tidal force. This change increases the av-
erage kinetic energy of stars, reducing the cluster binding
energy. If the variation of the tidal field (e.g. passage
through the galactic disk) is fast compared with the in-
ternal orbital period of stars in the cluster, the adiabatic
invariants of the orbit are not conserved causing some
stars to become unbound and escape from the cluster.
This is more effective in the outer parts of the cluster
where stars are weakly bound.

The effects of tidal shocks on the evolution of globu-
lar clusters have been thoroughly studied in the litera-
ture (Ostriker et al. 1972; Spitzer 1987; Kundic & Os-
triker 1995; Gnedin & Ostriker 1997; Murali & Weinberg
1997c,b,a; Gnedin et al. 1999a,b). The physics is well
understood and a general mathematical framework has
been developed to implement shocks due to the flattened
(disk-like) and spheroidal (bulge-like) components of the
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galactic potential in N -body and Fokker-Planck simula-
tions. These models include adiabatic corrections that
ensure the conservation of orbital invariants when the
duration of the shock is long compared with the period
of stars in the cluster. In such a case tidal shocking does
not enhance the mass loss.

We implement tidal shocks using the semianalytical
theory developed by Gnedin et al. (1999a) and Gnedin
(2003). The time variation of the tidal force around a
cluster can be divided into peaks (by absolute value)
surrounded by minima, and each peak is considered a
separate tidal shock. The total tidal heating is the sum
over all peaks. The tidal tensor is a symmetric matrix
of the second spatial derivatives of the time-dependent
potential (eq. [2]), including both the halo and disk com-
ponents:

Fαβ = − ∂2Φ

∂rα ∂rβ
. (14)

A constant level of Fαβ that does not vary with time is
not included in the integration; it is considered a steady
tidal field responsible for tidal truncation of clusters. The
ensemble-average change in energy per unit mass at the
half-mass radius can be expressed as

〈∆Eh〉 =
1

2
〈∆v〉2 =

1

6
Itid R2

h, (15)

where Itid is the tidal heating parameter:

Itid ≡
∑

α,β

(
∫

Fαβ dt

)2
(

1 +
τ2

t2dyn

)−3/2

, (16)

where the sum extends over all components of the tidal
tensor α, β = {x, y, z}, in Cartesian coordinates. Here
τ is the duration of each tidal shock for each pair of co-
ordinates α, β, and tdyn is the dynamical time at the
half-mass radius. We adopt a power-law adiabatic cor-
rection, appropriate for relatively extended tidal shocks
(see Gnedin & Ostriker 1999 for more detail).

A typical timescale for tidal heating to change the en-
ergy of stars at the half-mass radius by the order of itself
is

tsh ≡ |Eh|
(dEh/dt)sh

' |Eh|
2〈∆Eh〉

P, (17)

where P is the time interval between tidal shocks, which
is typically the orbital period of the cluster in its host
galaxy. The factor of 2 in equation (17) comes from
the contribution of the second-order energy dispersion,
〈∆E2〉, which has been shown to be as important as
the first-order term, 〈∆E〉, for heating the cluster’s
stars (Kundic & Ostriker 1995). The energy per unit
mass at the half-mass radius can be approximated as
|Eh| ≈ v2

h/2 ≈ 0.2 GM/Rh (e.g., Spitzer 1987).
Assuming that a fractional energy change in a tidal

shock results in the equal fractional mass loss (Chernoff
et al. 1986), we combine equations (15) and (17) to derive
the mass loss rate due to tidal heating:

νsh ' 1

tsh
=

5/3

P

ItidR3
h

GM
. (18)

The time dependence of this rate is different from that of
two-body relaxation: νsh(t) ∝ M(t)−1Rh(t)3. This dif-
ference plays a critical role in shaping the mass function
of globular clusters.

Fig. 8.— An example of the calculation of disk shocking. Top
panel: vertical coordinate of the cluster with respect to the disk
of the main galaxy. Middle panel: main component of the tidal
tensor, Fzz, responsible for disk shocking. Bottom panel: compar-
ison of the calculation of the tidal heating parameter, Itid, using
the full tidal tensor (via eq. [16], circles) and using a traditional
parametrization of disk shocking (via eq. [19], triangles).

Figure 8 shows an example of our calculation of the
tidal heating parameter, Itid. The cluster chosen for
this plot was formed in a satellite galaxy but was ac-
creted by the main halo at t ≈ 7 Gyr. It is now or-
biting the main galaxy and crosses the disk every 0.33
Gyr. The dominant component of the tidal tensor is
Fzz, which describes the variation of the vertical com-
ponent of the tidal force during disk crossing. The bot-
tom panel of Figure 8 shows the comparison of the tidal
heating calculated via integration of equation (16) with
a traditional way of parametrizing disk shocks. Follow-
ing Ostriker et al. (1972) and Spitzer (1987), we can
write the average energy change in one disk crossing as
〈∆Eh〉 = 2g2

mR2
h/3V 2

z , where gm is the maximum verti-
cal gravitational acceleration dues ot the disk, and Vz is
the component of cluster velocity perpendicular to the
disk. Comparing this traditional expression with equa-
tion (15) we find that for disk shocking

Itid ∼ 4g2
m

V 2
z

. (19)

As Figure 8 shows, for strong shocks the agreement of
the two methods is usually very good, whereas for a weak
shock the traditional expression overestimates the energy
change by up to a factor of 2. Note that the adiabatic
corrections, which we omitted here in both cases for clar-
ity, can significantly modify the actual amount of heating
and should always be included in the calculations.
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Fig. 9.— Evolution of the mass function of model clusters from an initial power law (dotted histogram) to a peaked distribution at
present (shaded histogram), including mass loss due to stellar evolution, two-body relaxation, and tidal shocks. Left panel: model Sb-ii,
right panel: model Cb-ii. For comparison, the solid histogram shows the mass function of metal-poor globular clusters in the Galaxy.

4. EVOLUTION OF THE GLOBULAR CLUSTER
MASS FUNCTION

Using realistic cluster orbits and the specified Rh −M
relations, we now integrate equation (10) for the evolu-
tion of GCMF from z = zf to z = 0. Figure 9 shows
the transformation of the cluster mass function from an
initial power law, dN/dM ∝ M−2, into a final peaked
distribution for models Sb-ii and Cb-ii. High-mass clus-
ters with M & 2 × 105 M� approximately preserve the
power-law shape of the IMF, while low-mass clusters are
more easily affected by the mass loss due to stellar evo-
lution, two-body relaxation, and tidal shocks.

We compare these model mass functions with the dis-
tribution of metal-poor (MPC, [Fe/H] < −0.8) globu-
lar clusters in the Galaxy because they are the type of
clusters described by our model (see § 2.5). We obtain
V –band luminosities of the Galactic clusters from the
current version of Harris’s catalog (Harris 1996) and use
a constant mass-to-light ratio, M/LV = 3 in solar units,
to transform luminosities to stellar masses. The two plot-
ted model mass functions are in excellent agreement with
the observed GCMF of the Galactic metal-poor clusters.

We fit the model GCMF with a traditional lognormal
function,
dN/dM ∝ exp [−(log M − log Mpeak)

2/2σ2] dM . The
peak mass and the dispersion are very similar for both
plotted models: Mpeak = (2.9 ± 0.13) × 105 M�, σ =
0.61 ± 0.10 (model Sb-ii) and Mpeak = (2.3 ± 0.13) ×
105 M�, σ = 0.66 ± 0.10 (model Cb-ii). For the metal-
poor Galactic clusters we find Mpeak = 2.1 × 105 M�

and σ = 0.51. The observed and model distributions are
statistically consistent with each other.

To further quantify this agreement, we use a
Kolmogorov-Smirnov (KS) test to calculate the prob-
ability of drawing the model GCMF and the observed
GCMF from the same underlying distribution. Table 1
lists the results for all models we consider. The two mod-
els that we plot in Figure 9 and use to study the spatial
and kinematic distributions have the highest KS prob-

abilities: Sb-ii (PKS = 0.24) and Cb-ii (PKS = 0.06).
In these models the initial half-mass density is the same
for all massive clusters and it remains constant through
time: Rh(t) ∝ M(t)1/3. A single epoch of formation is
slightly preferred to the continuous formation scenario,
but this difference is not statistically significant. In con-
trast, most of the other models are strongly inconsistent
with the observed mass function of Galactic metal-poor
clusters.

Recall that in setting the initial distribution of model
clusters, we included only massive clusters with M ≥
105 M�, as we expected all lower-mass clusters to be dis-
rupted. We have verified this assumption and find that
the lowest initial mass of the clusters that survive to
z = 0 are 3.8 × 105 M� in model Sb-ii and 4.4× 105 M�

in model Cb-ii. All of the low-mass clusters are destroyed
by the present time.

Table 1 shows also the fractions of surviving model
clusters by mass and by number, for clusters with M >
105 M�. In a single formation epoch model Sb-ii, only
fN = 0.16 of the initial massive clusters survive until
z = 0, but they contain a higher fraction of the initial
cluster mass, fM = 0.46. In the continuous formation
model Cb-ii, both fractions are a factor of 3 − 4 lower:
fN = 0.04 and fM = 0.16. In the latter model, low-
mass clusters are relatively more abundant at zf > 4,
when the host galaxies are smaller than at zf = 4, and
their subsequent rapid disruption results in the smaller
surviving fractions.

Figure 10 shows the evolution of the cluster mass func-
tion with time, for the best models Sb-ii and Cb-ii. In
model Sb-ii all clusters form at redshift z = 4, but
in model Cb-ii clusters form continuously beginning at
z = 9. To illustrate both formation scenarios in the
same way, we plot the distribution of clusters in model
Cb-ii at redshift z = 4 (formed between z = 9 and z = 4)
as the “initial” GCMF. This epoch corresponds to a cos-
mic time of 1.5 Gyr, which is almost exactly 12 Gyr ago,
in our adopted cosmology. The sequence of histograms
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Fig. 10.— Evolution of the mass function with time, beginning at z = 4 (dotted histogram) and subsequently after 1.5 Gyr (light grey),
3 Gyr, 6 Gyr (dark grey), and 12 Gyr (shaded histogram, corresponds to the present epoch). Left panel: model Sb-ii, right panel: model
Cb-ii. For comparison, solid lines (same in both panels) show the predicted evolution of the mass function in the model of Fall & Zhang
(2001) at 1.5 Gyr, 3 Gyr, 6 Gyr, and 12 Gyr after cluster formation, from top to bottom.

Fig. 11.— Evolution of the mass function in model Sb-ii as a
result of inclusion of different disruption processes: stellar evolution
(light-grey histogram), two-body relaxation and evaporation (dark
histogram), and tidal shocks (hatched histogram, final distribution).

displays the progression of the GCMF at four successive
epochs (0, 1.5, 6, and 12 Gyr) after z = 4.

For comparison, Figure 10 shows also the mass func-
tions predicted by the model of Fall & Zhang (2001) at
the same epochs. Fall & Zhang (2001) consider several
initial forms of the GCMF, several kinematic distribu-
tions of the clusters in the Galaxy, and several prescrip-
tions for disk shocking, and solve equation (10) under
these different assumptions. They also keep the half-
mass density M/R3

h constant as a function of time and
find that this is the best way to reproduce the observed
GCMF, in agreement with our conclusions. We select
one of their models (top left panel of their Fig. 3), which
is the closest match to our models. This model has an

initial power-law GCMF with the slope α = 2 and a sin-
gle epoch of cluster formation, which we assume equal to
z = 4. We normalize their model to have the same initial
number of clusters with M > 105 M� as in our model in
each of the panels of Figure 10.

We find a reasonable agreement of our GCMF with the
prediction of Fall & Zhang (2001) at late times. At 1.5
Gyr after cluster formation, our clusters are less affected
by the dynamical evolution, especially in the continuous
formation model Cb-ii. Note that although our models
do not include clusters with M < 105 M� initially, this
does not affect the comparison in the range M = 105 −
4 × 105 M�, where our models predict somewhat slower
evolution than the model of Fall & Zhang (2001). The
final distributions in our two best models are similar to
each other and to the prediction of Fall & Zhang (2001).
The peak of the log-normal fit is log Mpeak = 5.46 (Sb-ii)
and 5.37 (Cb-ii) vs. 5.42 (FZ), and the dispersion is 0.61
(Sb-ii) and 0.66 (Cb-ii) vs. 0.63 (FZ). Note that although
we use the parameters of the log-normal function for the
ease of comparison between different models and between
models and observations, the mass function below the
peak is better described by a power law, dN/d logM ∝
M or dN/dM = const (see Fall & Zhang 2001).

Figure 11 provides insight into the effects of each of
the disruption mechanisms separately. Mass loss due
to stellar evolution simply shifts the whole mass func-
tion to the left. The relative importance of two-body
relaxation and tidal shocks depends on the Rh(M) rela-
tion. Let us write this relation in a general power-law
form, Rh ∝ M δ. Then the ratio of the mass loss rates is

νev/νsh ∝ M1/2R
−9/2
h ∝ M1/2−9δ/2. Unless δ < 1/9 (in

the plotted model Sb-ii, δ = 1/3), two-body relaxation
is more effective in low-mass clusters, and tidal shocks
are more effective in high-mass clusters. The evolution
of the Rh(M) relation with time may also affect the bal-
ance between the two processes. The dark histogram in
Figure 11 shows how the inclusion of the evaporation due
to two-body relaxation removes a large number of low-
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mass clusters and turns the mass function into a peaked
distribution. Inclusion of tidal shocks affects mainly the
most massive clusters and reduces their surviving frac-
tion.

Our results agree with previous studies of the evolution
of the cluster mass function, which found that almost any
initial function can be turned into a peaked distribution
as a consequence of the dynamical evolution. The new
result of our study is that not all initial conditions and
not all evolutionary scenarios are consistent with the ob-
served mass function.

Figure 12 provides three examples. In the first (top
left panel, model Sa-i), the half-mass radius is kept fixed
at the median value for Galactic globulars, Rh = 2.4
pc, for clusters of all masses and at all times. The me-
dian density M(t)/R3

h decreases as the clusters lose mass.
Therefore, two-body relaxation becomes less efficient and
spares many low-mass clusters, while tidal shocks become
more efficient and disrupt most high-mass clusters. The
final distribution is severely skewed towards small clus-
ters. In the second example (top right panel, model Sb-
iii), the median density is initially fixed, as in our best
models, but the half-mass radius is assumed to evolve
in proportion to the mass, Rh(t) ∝ M(t). In this case
the cluster density increases with time. As a result, all
of the low-mass clusters are disrupted by the enhanced
two-body relaxation, while the high-mass clusters are un-
affected by the weakened tidal shocks. The final distribu-
tion is skewed towards massive clusters. In the third ex-
ample (bottom left panel, model Ca-iii), the initial half-
mass radius is the same for all clusters but then varies
as Rh(t) ∝ M(t). In this model, which assumes a con-
tinuous formation scenario from zf = 9 to zf = 3, the
median cluster density again increases with time and all
of the low-mass clusters are destroyed by two-body re-
laxation. The initial relation Rh(0) vs. M(0) does not
appear to be as important for the final mass function as
the evolution of this relation with time, Rh(t) vs. M(t).

5. RADIAL VARIATION OF THE GLOBULAR
CLUSTER MASS FUNCTION

A generic prediction of the dynamical disruption mod-
els is that the evolution is faster in the inner parts of the
galaxy, where the stronger tidal field enhances both two-
body relaxation and tidal shocks. As a result, the low-
mass part of the mass function should be depleted more
strongly in the inner regions, causing an apparent peak
mass to be higher than in the outer regions (Ostriker &
Gnedin 1997). Such radial dependence of the mass func-
tion is marginally present in the Galaxy (Gnedin 1997)
and more clearly in M31 (Barmby et al. 2001), but it has
not been detected in other extragalactic systems. This
lack of the observed radial variation has led Fall & Zhang
(2001) to consider anisotropic cluster orbits, which may
suppress radial dependence of the disruption processes.

Our best model Sb-ii does not predict a significant ra-
dial variation of the mass. To investigate this, we have
divided the model sample into two subsamples, splitting
them at a distance r = 30 kpc from the center. The inner
sample has 30 clusters, the outer 70 clusters. (Had we
split the model sample into two equal parts, the dividing
distance would be 90 kpc, too large to expect any dif-
ferences in the dynamical evolution.) A lognormal fit to
the distribution of the inner clusters gives the peak mass

and dispersion log Mpeak = 5.56± 0.20, σ = 0.44± 0.17,
while for the outer clusters log Mpeak = 5.39 ± 0.17,
σ = 0.82 ± 0.13, respectively. The KS probability of the
two subsamples being drawn from the same distribution
is extremely high, PKS = 0.99.

The mass functions of the model subsamples are con-
sistent, within the 1σ uncertainties, with the mass func-
tions of the metal-poor Galactic clusters, split in two
equal-size parts at 7 kpc: log Mpeak = 5.35 ± 0.09, σ =
0.40± 0.07 (inner clusters), and log Mpeak = 5.31± 0.16,
σ = 0.61±0.11 (outer clusters). Note however the caveat
that the assumed dividing radius for our model clusters
(30 kpc) is significantly larger than that for the Galactic
clusters (7 kpc). This is partially, but not entirely, offset
by the fact that our model galaxy is twice the size of the
Milky Way and the extent of its globular cluster system
is expected to scale accordingly.

The lack of a significant radial gradient in our best
models is due to the contribution of tidal shocks being
sub-dominant compared to the contribution of two-body
relaxation. Under our assumption that the median den-
sity M/R3

h is constant and does not depend on the po-
sition in the galaxy, the rate of cluster mass loss due
to two-body relaxation alone is independent of location.
The rate of tidal shocks does depend on the position and
on cluster orbits, but because their contribution is rela-
tively small, the resulting radial gradient is small as well.
We have verified this hypothesis by looking at one of the
failed models (Sa-i), where tidal shocks are strongly en-
hanced compared to two-body relaxation. This model
shows a clear and strong radial dependence of the mass
function. Therefore, the lack of the gradient in our best
models may be more of a product of the initial set-up
rather than a model prediction, but it does show that
our best models successfully pass this observational test.

6. CONCLUSIONS

We have verified the hypothesis that the properties of
globular clusters formed within high-redshift disk galax-
ies are consistent with the observed properties of Galac-
tic metal-poor clusters. After calculating the orbits of
model clusters in the time-variable gravitational poten-
tial of a Milky Way-sized galaxy, we find that at present
the orbits are isotropic in the inner 50 kpc and prefer-
entially radial at larger distances. All clusters located
outside 10 kpc from the center formed in satellite galax-
ies, some of which are now tidally disrupted. The spatial
distribution of model clusters is spheroidal, with a spher-
ical density profile that can be fit by a power law with
the slope γ ≈ 2.7, consistent with the observations of
Galactic metal-poor clusters.

Two-body relaxation dominates over other disruption
processes and drives the evolution of the cluster mass
function from an initial power law to the observed peaked
distribution. The evolution of the mass function in our
best models is in close agreement with the models of Fall
& Zhang (2001) at late times and is somewhat slower
at early times. We find no significant variation of the
mass function with radius, which is largely due to the
rate of two-body relaxation being independent of cluster
location. Knowledge of realistic orbits is important for
accurate calculations of the globular cluster evolution,
although we find that tidal shocks play only a moderate
role in cluster disruption. Therefore, any inaccuracies in
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Fig. 12.— Models that fail to reproduce the observed mass function of metal-poor globular clusters: with Rh(t) = const (Sa-i, left), and
with Rh(t) ∝ M(t) with single epoch of formation (Sb-iii, middle) and continuous formation (Ca-iii, right). Normalization of the initial
model distribution is such that the number of clusters at z = 0 is close to the observed number of clusters in the Galaxy.

orbit calculations are not expected to significantly affect
the evolution of the mass function.

Interestingly, we find that not all initial conditions and
not all evolution scenarios are consistent with the ob-
served mass function. If the half-mass radius remains
constant throughout the evolution instead of decreasing
with mass, the rate of two-body relaxation is suppressed
and the final mass distribution is skewed towards too
many low-mass clusters. On the other hand, if the half-
mass radius decreases too quickly, proportionally to the
mass, then two-body relaxation is too efficient and there
are no low-mass clusters left. The successful models (Sb-
ii and Cb-ii) require the average cluster density, M/R3

h,
to be constant initially for clusters of all mass, as in the
model of Kravtsov & Gnedin (2005), and to remain con-
stant with time.

We have investigated two formation scenarios. Syn-
chronous formation of all clusters at a single epoch
(z = 4) and continuous formation over a span of 1.6
Gyr (between z = 9 and z = 3) both appear consistent
with the observed mass function, spatial and kinematic
distributions of the Galactic globular clusters. However,
clusters that formed at later epochs have more extended
spatial distribution than the clusters that formed at early
epochs. This is expected for objects that trace the distri-
bution of high-density peaks in hierarchical galaxy for-
mation. If additional clusters form after z = 3, they are

expected to have a shallower density profile than the clus-
ters we study in this paper. The profile of our clusters is
consistent with, but is already somewhat shallower than
the profile of the Galactic metal-poor clusters. There-
fore, we do not expect a significant fraction of metal-poor
clusters to have formed after z = 3. Metal-rich clusters,
associated with the Galactic disk, are not included in
our present formation model and will be studied in fu-
ture work.

In online Tables 2 and 3 we provide catalogs of the
physical properties of model clusters that survive to the
present time, for the best models Sb-ii and Cb-ii, re-
spectively. These catalogs can be used to compare with
other models of the dynamical evolution, to study selec-
tion effects in extragalactic systems, and to model the
kinematics of globular cluster systems.
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Klypin, A., Gottlöber, S., Kravtsov, A. V., & Khokhlov, A. M.

1999, ApJ, 516, 530
Klypin, A., Zhao, H., & Somerville, R. S. 2002, ApJ, 573, 597
Kravtsov, A. V. 1999, PhD thesis, New Mexico State University
Kravtsov, A. V. & Gnedin, O. Y. 2005, ApJ, 623, 650
Kravtsov, A. V., Gnedin, O. Y., & Klypin, A. A. 2004, ApJ, 609,

482
Kravtsov, A. V., Klypin, A. A., & Khokhlov, A. M. 1997, ApJS,

111, 73
Kroupa, P. 2001, MNRAS, 322, 231
Kundic, T. & Ostriker, J. P. 1995, ApJ, 438, 702
Lahav, O., Lilje, P. B., Primack, J. R., & Rees, M. J. 1991, MNRAS,

251, 128
Larsen, S. S. 2002, AJ, 124, 1393
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TABLE 2

Catalog of clusters in model Sb-ii.

zf log M log Mi Rh Rh,i r ri log Mhalo,i x y z vx vy vz

4.0 5.72 6.10 2.5 3.4 4.2 0.7 10.9 −3.8 −1.6 −0.6 −25.4 −12.3 −28.5
4.0 5.34 5.91 1.9 2.9 6.4 1.1 10.9 −0.4 −2.9 −5.7 −28.5 −144.7 −21.7
4.0 3.99 5.72 0.7 2.5 1.4 1.2 10.9 1.1 0.5 0.7 57.5 4.0 18.6
4.0 5.15 5.87 1.6 2.8 1.4 1.5 10.9 0.8 0.1 1.1 23.1 112.9 26.8
4.0 6.18 6.43 3.6 4.3 0.4 1.8 10.9 −0.4 −0.1 −0.0 −110.2 −3.7 −94.9

...

Note. — Columns are: zf – redshift of formation, log M – present cluster mass in M�, log Mi –
initial mass, Rh – present half-mass radius of the cluster in pc, Rh,i – initial half-mass radius, r –
present distance to the center of the main galaxy in kpc, ri – initial distance to the center of the main
galaxy, log Mhalo,i – mass of the host galaxy at the time of cluster formation in M�, x, y, z – present
coordinates of the cluster with respect to the center of the main galaxy in kpc, vx, vy, vz – present
velocities of the cluster in km s−1. Complete table is available online.

TABLE 3

Catalog of clusters in model Cb-ii.

zf log M log Mi Rh Rh,i r ri log Mhalo,i x y z vx vy vz

6.2 4.91 5.83 1.3 2.7 2.3 1.4 10.5 0.7 2.1 0.7 35.3 32.5 37.7
5.6 4.96 5.83 1.4 2.7 3.6 2.8 10.5 0.6 3.5 1.2 123.9 25.4 64.7
5.4 5.01 5.83 1.5 2.7 2.6 0.7 10.6 −1.3 −1.9 −0.7 −94.4 −30.2 −34.0
5.2 5.75 6.13 2.6 3.4 9.8 1.7 10.7 4.2 7.7 2.7 42.5 7.9 84.2
5.0 5.68 6.08 2.4 3.3 17.3 6.5 10.7 3.5 16.5 4.8 79.0 54.0 10.1

...

Note. — Columns are the same as in Table 2. Complete table is available online.


