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Assume: Space is homogeneous & isotropic.
Expansion of space is homogeneous & isotropic.

The result is the Robertson-Walker metric:

ds? = —c?dt? + a(t)?[dr? + S, (r)*dO?]

a(t) = scale factor

[ Rgsin(r/Ryp)
Si(r) =5 r
Ro sinh(r/Ry)




How do the geometric properties of the universe
[scale factor a(t), curvature k, radius of curvature R,]
depend on its mass-energy density £(t)?

Answer found in 1922 by
Alexander Friedmann, starting
from Einstein’s field equation.

Uber die Kriimmung des Raumes.
Von A. Friedman in Petersburg.

Mit einer Abbildung. (Eingegangen am 29. Juni 1922.)
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Newtonian equivalent of Friedmann equation

Uniform density sphere
mass M,
radius R (t)

test mass m is placed
at its surface.

Newtonian gravity is the only force at work.



Force on test mass
GM m

F =
RS

Acceleration of test mass
d? Rq F GM,

dt2 “m  R.(t)?

If the whole sphere contracts (or expands), its mass M,
remains constant as R, decreases (or increases).
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Kinetic energy per unit
mass of test particle

constant of
Integration

— potential energy per
unit mass of test particle




If gravity is the only force, kinetic energy +
gravitational potential energy is conserved.

1 GM,

2
+ U
Rs

2V =

Mass is conserved.

?Gp(t)Rs(t)2 +U

1 (dRS)2 4T
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Let’s get cosmological, with
homogeneous and isotropic expansion:

Rs(t) = a(Drs

comoving radius

scale factor of sphere

4t
rsa® = —Gp(Orsa(D* + U

1
2 3



1rzéz = A

2 ° 3

Scale factor a(t) is linked to mass density p(t)
by conservation of energy and mass.

Gp(t)rza(t)? + U

Tidy up, and divide by r2a?/2:

This is the Friedmann equation
in its Newtonian form.



Time derivative of a(t) enters only as a°

Expanding sphere (2 > 0) is perfect time
reversal of contracting sphere (a<0).

s

= No friction, no air resistance,

| " noincrease in entropy.




never never

negative negative can be negative, zero, or

positive (depends on sign of U)

The fate of an expanding sphere depends on U.
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U<ao

(é)Z_SRG (t)+2U 1
a) ~ 3 T R02

Sphere is initially expanding (both
sides of equation are initially positive).

Right hand side equals zero when
_ GMg

Urg

d = dmgx —

Sphere stops expanding.

Sphere starts to contract.




U < 0: Analogous to tossing a ball upward
with speed less than the escape speed.

What goes up must come down.

, ...UNLESS it is moving faster
P ° than the escape speed,
R} T oM,
— =
Vesc ) R,
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Right hand side of equation is always positive.

a“ is always positive.

Initially expanding sphere keeps expanding.

(Analogy: toss a ball upward

faster than the escape speed.)



U=20:
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Boundary case where expansion speed
exactly equals the escape speed.

a—>0ast—>ooandp — 0.

We 9 Newton, but...

a full derivation of the Friedmann
equation requires general relativity (GR).




Einstein says: Mass and energy are equivalent.
Replace mass density p(t) [kg/m3]
with mass-energy density (t) [J/m3]

Step one:

(a)z 81tG 2U 1

t
a 3c? 3z e+ r2 a(t)?
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Einstein says: Gravity is not a force.
Gravity is motion along geodesics
In a curved 4-d space-time.

Gravitational potential energy
is not a useful concept in GR.

3 2 31tG This ter.m IS not
(—) —(t) GR-friendly.
a 3c?
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Step two: going from Newtonian physics to GR:

U < 0 (recollapsing) — «k = +1 (positively curved)
U > 0 (eternal expansion) — k = —1 (negatively curved)

U = 0 (exactly at escape speed) — k = 0 (exactly flat)



The One True Friedmann Equation
(Einstein-approved):

a 3¢2 RZa(t)?
A little more simply:
81G KC?
H(t)* = t) —

where H(t) = a/a is the Hubble parameter.




81 KC?
HO® = 32 E(t) - RZa(t)?

At the present day (t = t),
a(to) =1

e(to) =&
H(ty) = Hy = the Hubble constant
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The value of the
Hubble constant is a
matter of some debate.

Hy [km s~! Mpc™
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0 =32 0T Re o
expansion mass- O curvature s
rate energy f

Hyo =~ 70 km s *Mpc~?

If we measure k and R, we can find &,.

In theory, if we measure ¢,, we can find k and R.
However, doing an inventory of mass-energy is
really freaking difficult!



In a flat universe (k = 0), the Friedmann
equation is delightfully simple:

381G /¢
—e(t) =

th_

For a given value of the Hubble parameter, there is
a critical density €. at which the universe is flat.

sc(t) — _2 H(t)z



What’s the critical density right now?
3¢c?

E —_ —

“0 " 8nG

€co = 8.27x1071Tm™3 h3,

H;

h,qg = Hy/70 km s *Mpc~?!
€0 = 5160 MeV m~> h3,

Peo = €co/c* =9.20x107%" kg m~3 h3, »
Peo = 1.36x10'* My Mpc~3 h%,



The critical density is absurdly low
by terrestrial standards.
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The critical density seems absurdly low. However, most of
the universe consists of absurdly empty intergalactic voids.
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Fun with dimensionless numbers!

Cosmologists express the density of the
universe in terms of the density parameter ()

¢(t)«— actual density

Q(t) =

gc(D)—— critical density

(=1 flat (Euclidean)
(0 <1 negative curvature

(0 > 1 positive curvature



